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We consider the density profile of pressureless dark matter in Eddington-inspired Born-Infeld 
(EiBI) gravity. The gravitational field equations are investigated for a spherically symmetric dark 
matter galactic halo, by adopting a phenomenological tangential velocity profile for test particles 
moving in stable circular orbits around the galactic center. The density profile and the general form 
of the metric tensor is obtained in an analytical form for both physical-p and auxiliary-q metrics, to 
a first order approximation. The dark matter density distribution is described by the Lane-Emden 
equation with polytropic index n = 1, and is non-singular at the galactic center. The gravitational 
properties of the dark matter halos are also briefly discussed in the Newtonian approximation. 
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Introduction. Despite numerous observational and ex- 
perimental attempts, up to now the elusive dark matter 
particles have evaded detection. Great hopes in gaining 
more insights into the nature of dark matter are related 
to the Alpha Magnetic Spectrometer (AMS-02) collab- 
oration results, which have just been released The 
AMS experiment has determined the positron fraction in 
cosmic rays with extremely high precision. The positron 
fraction rises continuously from ~ 5 GeV up to ~ 350 
GeV, while the slope becomes flat above ~ 100 GeV [J. 
In order to explain the AMS results, dark matter is still 
an attractive candidate. In fact, dark matter annihilation 
into t + t - final states, which results in a soft positron 
spectrum can account for the AMS-02 data quite well. 
Other channels for dark matter annihilation/ decay into 
multiple /i or t leptons can also reproduce the AMS-02 
data However, presently, the only convincing evi- 
dence, based on the flat rotation galactic curves and the 
virial mass discrepancy in clusters of galaxies for the ex- 
istence of dark matter, is gravitational Q. 

In standard general relativity the coupling between 
matter and gravity is given by a proportionality rela- 
tion between the stress-energy tensor and the geometry. 
Although both the stress-energy tensor and the Einstein 
tensor arc divergenceless, there is no obvious reason why 
the matter-gravity coupling should be linear Q ■ On the 
other hand, modified theories of gravity usually affect 
the vacuum dynamics, yet keep the matter-gravity cou- 
pling linear. Recently, to provide matter-gravity cou- 
pling modifications, based on the Eddington gravity ac- 
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tion Q, and Born-Infeld nonlinear electrodynamics [fj], 
the Eddington-inspired Born-Infeld (EiBI) theory has 
been proposed 0]. The EiBI theory coupled to a per- 
fect fluid reduces to standard general relativity coupled 
to a nonlinearly modified perfect fluid, leads to an ambi- 
guity between modified coupling and a modified equation 
of state [1, H[ . The theory has interesting cosmological 
consequences, leading to the possibility of avoiding cos- 
mological singularities [13]. However, the EiBI theory 
is reminiscent of the Palatini gravity formulation, and it 
shares the same pathologies, such as curvature singular- 
ities at the surface of polytropic stars [11|. 

It is the purpose of this Letter to investigate the prop- 
erties of dark matter halos in the EiBI theory. By as- 
suming a spherically symmetric pressureless dark matter 
halo, the gravitational field equations of the EiBI model 
are solved to a first order approximation of the coupling 
constant k. The dark matter density profile and the 
galactic metric in the dark matter halo is explored, and 
the respective gravitational properties are also briefly dis- 
cussed in the Newtonian approximation. 

Eddington-inspired Born-Infeld gravity. The starting 
point of the EiBI theory is the gravitational action 5, 
given by 0, 
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where A =/= is a dimcnsionless parameter, and k is a 
parameter with inverse dimension to that of the cosmo- 
logical constant A. is the symmetric part of the Ricci 
tensor, and is constructed solely from the connection T^ 7 . 
The matter action Sm depends only on the metric g^ v 
and the matter fields The determinant of the ten- 

sor g^ v + SttkR^ is denoted by \g^ v + SttkR^. In the 
limit k 0, the action Eq. ([T]) recovers the Einstein- 
Hilbcrt action with A = 87tAk + 1. However, in the 
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present paper, we consider only asymptotic flat solutions, 
and hence take A = 1. Therefore the cosmological con- 
stant vanishes, and the remaining parameter k plays the 
determining role for the description of the physical be- 
havior of various cosmological and stellar scenarios. Sev- 
eral constraints on the value and the sign of the param- 
eter k have been obtained from solar observations, big 
bang nucleosynthesis, and the existence of neutron stars 
in 0, [HJ ■ The structure of compact stars in EiBI theory 
has been investigated by several authors [H, [TH . In par- 
ticular, for cases with positive K, effective gravitational 
repulsion prevails, leading to the existence of pressureless 
stars (stars made of non-interacting particles which pro- 
vide interesting models for self-gravitating dark matter) 
and increases in the mass limits of compact stars [IH, [l3| . 

In the EiBI theory the metric g^ v and the connection 
rjg 7 are treated as independent fields. By varying the ac- 
tion ([T]) with respect to the connection rjg , and with re- 
spect to the real metric g^ u , yield the following field equa- 
tions = + 8-kkR^ and q» v = r (g» v + 8ttkT^), 
respectively. The auxiliary metric is related to the 
connection by = \q aa (9 7 g CT(3 + dpq ai - d a q^), and 

r is defined as r = \fg~Jq. If the stress-energy tensor T^ v 
vanishes, then the real metric g^ v is equal to the apparent 
metric q^. Hence, in vacuum the EiBI theory is equiv- 
alent to standard general relativity. The stress-energy 
tensor T^ v satisfies the conservation equations given by 
V^T^ _ wnere ^ ne covar j an t derivative refers to 
the metric g^ v . 

Static spherically symmetric dark matter halos in EiBI 
gravity. We consider that the dark matter halo is static 
and spherically symmetric. Therefore the line elements 
for the physical metric g^ and for the auxiliary metric 
q^ v take the forms 

g^dx^dx" = -e v{r) dt 2 + e x ^ r Ur 2 + /(r)dfi 2 , (2) 
q^dx^dx" = -e^dt 2 + e a{r Ur 2 + rW, (3) 

respectively, where v(r), A(r), /3(r), a (r) and / (r) are 
arbitrary metric functions of the radial coordinate r, and 



dQ = d6 + sin 9d(f> . The galactic halo is made up of 
a perfect fluid described by the standard stress-energy 
tensor T^ v = (p + p)u^u v + pg^ v , where p, p and 
are the energy density, the isotropic pressure and the 
four velocity of the fluid, respectively, with the latter 
satisfying u^u 1 ' g^ v = —I. The system of gravitational 
field equations describing the dark matter halo structure 
yields 
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where we have defined the arbitrary functions a (r) and 
b (r) as a = \/l + 8itKp, and b — \/l — 8irK,p, respectively. 



In the (/-metric the conservation of the stress-energy ten- 
sor yields the result 
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The existence of dark matter at the galactic scale is in- 
ferred from the study of the rotational velocities of mas- 
sive test particles (hydrogen clouds) around the galactic 
center. The Lagrangian C for a massive test particle 
reads C = \{—e v t 2 + e A f 2 + r 2 tl 2 ), where the overdot 
denotes differentiation with respect to the affine param- 
eter s. By defining the tangential velocity vt s of a test 
particle, as measured in terms of the proper time flij ]. 
that is, by an observer located at a given point, as 



-vJ2 



r (dQ/dt) , we obtain the expression of v 2 Q for 



u tg 

a test particle in a stable circular orbit as v 2 g 



/2l- 



For v 2 g we assume the simple empirical dark halo ro- 



tational velocity law [lj 
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where r opt is the optical radius containing 83% of the 
galactic luminosity. The parameter ro, defined as the 
ratio of the halo core radius and r op t, and the ter- 
minal velocity are functions of the galactic lumi- 
nosity L. For spiral galaxies ro = 1.5 (L/L*) 1 ^ 5 and 
v lo = v l P t (! + r o)> where v opt = v tg (r opt ), and 

/?* = 0.72 + 0.441og 10 (L/L*), with L» = 10 la4 L Q . For 
r -> 0, v tg 0, while for r/r opt > r , v tg v^. 

Therefore, the most general static and spherically sym- 
metric metric of the dark matter halo can be written as 



ds 2 



Topt J 



dt 2 + e x ^dr 2 +r 2 dSl 2 , 
(9) 

where e v ° is an arbitrary constant of integration. 

The dark matter density profile and the galactic met- 
ric in EiBI gravity. In order to study the extra-galactic 
motion of massive test particles in EiBI gravity, we as- 
sume that the motion takes place in a pressureless cosmic 
medium, 8ttkp 1, that can be described by an effective 
matter density p. Since p <C 1/8-7TK, we obtain dwl. For 
a galactic metric of the form given by Eq. © we obtain 
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respectively. In the following, we consider that the den- 
sity of the dark matter is small, so that 8ttkp <C 1. 
Then, by using a series expansion of a and /?' to first 
order of k, we obtain l/y/l + 8irnp+ ^\ + 8-Knp— 2 « 0, 
2 + v 7 ! + 8-KKp - 3/V1 + 8nnp « 167TKp, and = 
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2vl j (r/r 2 a 



'opt)/[( r / r o P t) +r^-4ir K p' 
equations Eqs. (HI)-© become respectively 



Therefore the field 
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1/r + 2t& (r/r 2 opt ) / (r/r opt f + r, 
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For r -> 0, 1/r » 2f& (r/r 2 pt ) /[(r/r opt ) 2 + rg], and 
therefore in this limit the term containing u 2 ^ can 
be neglected. For (r/r opt ) ^> rg, we obtain 1/r + 
2«L (^Ao 2 pt ) /[(^Aopt) 2 + r 2 ] « (l + 2^)/r « 1/r, 
since v 2 ^ « 10~ 6 — 10~ 8 [Taj. Therefore, to a very good 
approximation, in the range < r < oo, Eq. (|13[) can 
be written as re _Q = l/(l/r — Airnp'). By taking the 
derivative of the latter with respect to r, we obtain the 
following differential equation describing the dark matter 
profile in EiBI gravity, 



l__d 

r 2 dr 



,dp 
dr 



167T/5p'r. 



(14) 



In order to obtain an approximate solution of Eq. (|14p , in 
the first order of approximation, and in the linear regime 
in p, we neglect the term lGnpp'r on the right hand side 
of the equation. Therefore we obtain 
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2 dr 



dr 
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0. 



(15) 



Eq. (|15[) is the Lane-Emden equation for the polytropic 
index n = 1 [l7j . and its non-singular solution at the 
center is given by 



p (0) (r) = K 



sin I 



(16) 



where K is an arbitrary constant of integration. Since 
at the center of the galactic halo the density of the 
dark matter is p^(0) = po, it follows that K = po. 
In the EiBI theory the dark halo has a sharp bound- 
ary Rdm, corresponding to p^(Rdm) = 0, which gives 
Rdm = yJ k/2tt. Thus, the mass profile of the dark mat- 
ter M(r) = 47r Jq p(°\r)r 2 dr is given by 



M(f) 



— ^-pa [sin (r) - r cos (r)] , 



(17) 



where r = nr/ Rdm is defined for convenience. 

The g-metric coefficient e _Q = 1 — 2M(r)/r yields 



= 1 - 



8R 



D _ M po [sin (r) — r cos (r)l 
7rr 



= 1 ^ [sin (r) — r cos (r)l , 

r 

where po = 8po^i)_A// 7r - f° r ^ ne metric coefficient e 
e _a a, we obtain 



e- Q (1 + 4ttkp) = e - Q l + ^sin(f) , (19) 



(18) 

— A _ 



while the function f(r) is given by 



( r dm/k 2 ) r 2 R 2 
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sin(f) . (20) 



Thus, the metric of the dark matter halo takes the form 



ds 2 = 
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dt 2 
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dr 2 
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[1 - f sin (f) + po cos (f )] [1 

dn 2 . 



1 — sin (r) 

r 



f sin(r)] 
(21) 



The total mass of the dark matter halo is given by 



V2ir 2 K 3 / 2 p = (4MpoR 3 e 



DM' 



The 



M DM = M (R DM ) 
mean density < p > of the dark matter halo is obtained 
as < p >= ZM DM /^R DM = 3p a /ir 2 . 

In the Newtonian approximation the gravitational po- 
tential Vg rav (r) of the dark matter distribution in the 



y grav 

EiBI theory is determined for f/n< 1 by 
-Rdm m ( r / ) dr t 



V, 



grav 
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8^ 



Po 
167rf 



sin (f) . (22) 



At small radii and for r /n < 1 the potential behaves as 

(23) 

The gravitational potential energy U(r) per unit mass 
and inside radius r of the dark matter halo yields 



U 



1 r p<f»(r)M(r) 2 R DM pt 

2 J r 4tt 3 
{2f [2 + cos (2f)] - 3 sin (2f)} . 



(24) 



Thus, the total potential energy of the dark matter halo 
is given by U (Rdm) = - (3pg/27r 2 ) R DM . 

Conclusions. In the present Letter, we have analyzed 
the dark matter density profiles, and their geometry, in 
the EiBI gravitational theory. In the approximations of 
the dark matter pressure satisfying the condition 87r«;p <C 
1, of the constant velocity of test particles in circular 
stable orbits around the galactic center, and to first order 
of the coupling constant «, respectively, the dark matter 
density profile satisfies the Lane-Emden equation with 
a polytropic index n = 1. Therefore the dark matter 
profile can be obtained in an exact analytic form, as well 
as the full galactic dark matter metric, in both g and q 
geometries. Similar results for pressureless stellar profiles 
have been obtained in Q . In order to obtain a consistent 
solution of the field equations, the energy conservation 
equation Eq. ((7|) must also be satisfied. By assuming 
that p <C p, it follows that the pressure distribution of 
the dark matter satisfies the equation 



dp _ Po (vooRpM /nroptY 
dT ' (Rdm I vr ovt 



f f 2 



■ sin (r) . 



(25) 
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In the limit of small r the dark matter pressure dis- 



tribution is given by p(r) = p c 



where p c 



' opt 



[cos (r) - 1], 



p(0) is the central pressure, while for 



PQVtg 



sin(r) 



Ci(f) 



r/r op t 3> we obtain p(r) 

where Ci(z) = — J z °° [cos(i)/i] dt is the cosine integral 
function. In the non-relativistic regime, the density p of 
the dark matter is given by p = mn, where n is the parti- 
cle number density, and m is the dark particle mass. The 
dark matter pressure p can be obtained as p = (v 2 ) p/'i, 
where (v 2 ) is the average squared velocity of the parti- 
cle, and (w 2 ) /3 is the one-dimensional velocity disper- 
sion. In the non-relativistic approximation, the velocity 
dispersion is a constant only for the case of the non- 
degenerate ideal Maxwcll-Boltzmann gas, whose Newto- 
nian analogue is the isothermal sphere. Therefore, in the 
present model the average velocity dispersion of the dark 
matter particles in the constant velocity region is 



(v 2 ) = 3v 



l-^Ci(f) 
P 



3v. 



tg 



sin (r) 



Ci(f) 



Note that in the dark matter models, the n = 1 poly- 
trope is used to model dark matter in the form of a 
Bose-Einstein condensate, namely, an assembly of light 
individual bosons that acquire a repulsive interaction by 
occupying the same ground energy state [l8| . The exper- 
imental tests of the Bosc-Einstcin condensation in terres- 
trial laboratories for a large class of particles (atoms) and 



physical systems has given a sound theoretical and exper- 
imental support to this hypothesis. However, while in the 
Bose-Einstein condensate dark matter model quantum 
effects play the dominant role in determining the den- 
sity profile, in the EiBI model matter-gravity coupling, 
and modified geometry, lead to the similar distribution 
for pressureless dark matter. The non-singular n = 1 
polytropic density profiles show the presence of an ex- 
tended core, whose presence is due to the strong interac- 
tion between dark matter particles. All the relevant as- 
trophysical quantities can be predicted from the model, 
and can be directly compared with the corresponding 
observational parameters (the dark halo mass, the ra- 
dius of the galaxy, etc), with all the properties of the 
dark matter halos being determined by a single param- 
eter k. Therefore, although lying beyond the range of 
the present letter, the in-depth comparison of the the- 
oretical predictions of the EiBI gravity model with the 
galactic and extra galactic scale observations yield tight 
constraints on the numerical values of K, thus leading to 
a direct viability test of the theory. Work along these 
lines is currently underway. 
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